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PSEUD O-RIEMANNIAN MANIFOLDS 
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Abstract. We exhibit 3 families of complete curvature homogeneous pseudo- 
Riemannian manifolds which are modeled on irreducible symmetric spaces and 
which are not locally homogeneous. All of the manifolds have nilpotcnt Jacobi 
operators; some of the manifolds are, in addition, Jordan Osserman and Jordan 
Ivanov-Petrova. 



1. Introduction 

Consider a triple U := (V,g, A) where g is a non-degenerate inner product of 
signature (p, q) on an m-dimensional real vector space V with m = p + q and where 
A G ® A V* is an algebraic curvature tensor - i.e. a 4-tensor satisfying the usual 
symmetries of the Riemann curvature tensor: 

A(x, y, z, w) = —A(y, x, z, w) = A(z, w, x, y) and 

A(x, y, z, w) + A(y, z, x, w) + A(z, x, y, w) = . 

We also consider a pair A4 := (M, g^) where gM is a pseudo-Riemannian metric 
of signature (p, q) on a manifold M of dimension m = p + q. One says M. is 
Riemannian if p = and Lorentzian if p = 1. Let Rm be the associated Riemann 
curvature tensor. We say that U is a 0-model for M if for every point P G M, there 
exists an isomorphism $p : TpM ->7so that 

®*p9 = 9m\t p m and <S>* P A = Rm\t p m ■ 

One says that M. is curvature homogeneous if M. admits a 0-model, in other words, 
the metric and curvature tensor "look the same at each point" . If N := (N, g^) is a 
homogeneous space, we say that M. is modelled onN if (TqN, 1in\tqN, Rn\t q n) is 
a 0-model for [M, gM, Rm)', the precise Q G N being immaterial since N is assumed 
to be homogeneous. We refer to ^]E3 EH] f° r further details. 

We say that A 1 G (E) 5 V* is an algebraic covariant derivative curvature tensor if A 1 
has the curvature symmetries of the covariant derivative of the Riemann curvature 
tensor, i.e. we have the relations: 

A x (x,y,z,w;v) = A 1 (z,w,x,y;v) = -~A 1 (y,x,z,w;v), 

A (x,y, z,w;v) + A (y,z,x,w;v) + A (z, x, y, w; v) = 0, 

A 1 (x, y, z, w; v) + A 1 (x, y, w, v; z) + A 1 (x, y, v, z; w) = 0. 

We say that a quadruple U 1 := (V,g, A, A 1 ) is a 1-model for Ai if for every point 
P G M, there exists an isomorphism $p : TpM — > V so that 

®p9 = 9m\t p m, $pA = R M \ TpM , and QpA 1 = VR m \t p m ■ 

In this setting, A4 is said to be 1-curvature homogeneous. The notion of fc-curvature 
homogeneous for k > 2 is defined similarly. These notions were first introduced by 
Singer who showed: 
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Theorem 1.1. (Singer There exists an universal bound k m such that a Rie- 

mannian manifold M. of dimension m is locally homogeneous if and only if M. is 
(k m + \)-curvature homogeneous. Furthermore, k m is smaller than m(m — l)/2. 

One has the following important results in the context of models based on the 
curvature tensors of irreducible symmetric spaces in the Riemannian and Lorentzian 
setting: 

Theorem 1.2. 

(1) (Tricerri and Vanhecke 17 ) A Riemannian curvature homogeneous 
manifold modelled on an irreducible symmetric space is locally symmetric. 

(2) (Cahen, Leroy, Parker, Tricerri, and Vanhecke [2]) A Lorentzian cur- 
vature homogeneous manifold modelled on an irreducible symmetric space 
has constant sectional curvature. 

The proof of Theorem 11.21 (1) uses properties of the scalar curvature invariants 
of Riemannian manifolds which do not hold for indefinite metrics; the proof of 
Theorem ll.2l f2 s ) uses the remark, which is based on M. Berger's classification, that 
any irreducible Lorentzian symmetric space of dimension greater than or equal to 3 
has constant sectional curvature. In this brief note, we will present several examples 
illustrating that Theorem 11.21 fails in the higher signature setting by constructing 
complete curvature homogeneous pseudo-Riemannian manifolds which are modelled 
on irreducible symmetric spaces and which are not locally homogeneous. 

Throughout this paper, we will be introducing metrics, curvature tensors, and 
covariant derivative curvature tensors. In the interests of brevity, we shall often 
only give the non-zero components of these tensors up to the usual Z2 symmetries. 

1.1. Signature (p,p). There are curvature homogeneous pseudo-Riemannian man- 
ifolds of balanced (or neutral) signature (p, p) which are complete but not locally 
homogeneous (and hence not locally symmetric), but which nevertheless are mod- 
eled on a complete irreducible symmetric space. 

Let p > 3. Let (j£,y) for x = (xi, ...,x p ) and y = (y\, ...,2/ p ) be coordinates on 
R 2p . Let / = f(x) be a smooth function on W. Let Mi, p j := (K 2p , gi, P .f) where 

9i, P ,M, dj) = Off ■ d?f and ffwCM) = 1, 

the other components being zero. Let M. 2p = Span{Xi, X p , Y\, Y p }. Let 
Ui, p := (R 2p , 0i, p , Al p ) where 

9i, P {Xi,Yi) = 1 and Ai iP (Xi, Xj, Xk, Xi) = SaSjk - kkb~ji ■ 

The metric gi, P j and the inner product gi p have signature (jp,p). 

Let Hf = (Hf t ij), where Hfjj := (dfdjf), be the Hessian matrix of second 
partial derivatives. Assume Hf > 0. Let H 1 ^ be the inverse matrix. Let Ri. p j be 
the curvature tensor of the metric g\ >P j and let Vi?i jPj / be the associated covariant 
derivative. Set 

«i : = Z aM e, s ,t,u,v, w HfHfHfHfH^VR^jidZ, o?,c%, d* d ; df) 
■VR ltPj {d x s ,d*,dl,d x v ;d x w ). 

Theorem 1.3. Letp>2 and let Hf > 0. Then: 

(1) All geodesies in Ai\^ p j extend for infinite time. 

(2) If P e M. 2p , then exp P : T p R 2 p -> R 2 p is a diffeomorphism. 

(3) The non-zero components of R\, P ,f and o/Vi?i )Pj / are given by: 

(a) R ljP j(d?,dJ,d%,d?) = Hf^H f ^ k - Hf :ik Hfji, 

(b) vRi, p , f (df,did%,df; a® = d-R hpJ (df, d*,d* k , df). 

(4) U\ iP is an irreducible 0-model for M.\. p j. 

(5) If f — x\ + ... + x 2 , then Mi,p,f is an irreducible symmetric space. 
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(6) If p > 3 cmd i/ai is not constant, M.\ v j is not curvature I -homogeneous. 

The pseudo-Riemannian manifold M.± tP t can be realized as a hypersurface in a 
flat space of signature (p,p+ 1); the Hessian Hf then gives the second fundamental 
form. We refer to f° r further details concerning this family of manifolds. 

1.2. Signature (2s, s). For s > 2, let (u,t,v) give coordinates on R 3s where we 
have u := (iti, u s ), t := (ti, £ s ), and u := («i,...,v s ). Let /, S C°°(R) be 
smooth functions. Set 

F(u) := f 1 (u 1 ) + ... + f s (u s ) eC^iR 3 ) and |u| 2 = u\ + ... + u 2 s . 

Let M.2, s ,f ■— (R 3s , 92,s,f) where 

9 2, sA9i, d?) = -2{F(u) + E!< fc < s u k t k }5 tv 

52, s,f(<9",<9J) := Sij, and g 2 ^ iF {d t i ,d t J ) := -6^ . 

Manifolds of this type were first introduced in JI] ; see also [121 H"3*| . 

Let R 3s = Span{£/i , U„ T u T„ V u V s }. Let U 2<s := (R 3s , <72, s , ^2,, ) for 

, 52, s (C/i, V$) := Sij, g 2 ,s{Ti,Tj) ;= -Sij, and 

(l.a) 

A2, s (Ui, Uj, Uk,Ti) := <y«5jft - SikSji ■ 
The metric g 2 ,s,F and the inner product g 2 . s have signature (2s, s). Set 

Theorem 1.4. Let s > 2. T/ien; 

(1) j4/Z geodesies in M. 2 , s ,f extend for infinite time. 

(2) If P e R 3s , tfcen exp P : T P R 3;5 -> R 3s is a diffeomorphism. 

(3) XTie non-zero components of R 2 s p and of Vi?2 s f & r e given by: 

(a) fi 2 ,,,F(9f , 0j\ fl?*) = [dfffi + (dfffj + \u\ 2 , 

(b) R 2tS ,p(df,dV,dJ,dj) = l, 

(c) VR 2 , a , F (di, 9j, &j> df; 8?) = {dff /* + 4 Ul . 

(4) W2,s is an irreducible 0-model for A4 2 , s ,f- 

(5) If F = —\u\ — ... — £/ien .M2.S.F is AW irreducible symmetric space. 

(6) If s > 3 and if a 2 is not constant, M. 2 .s.f is not curvature 1-homogeneous. 

Assertion (6) in Theorem II .41 was discussed previously in 12 4 ; C. Dunn pointed 
out that the argument given there contained a mistake. In this paper, we shall give 
a slightly different argument which avoids that mistake. 

1.3. Manifolds which are 1-curvature homogeneous. The previous two fami- 
lies of examples were curvature homogeneous but not 1-curvature homogeneous for 
generic members of the families. Let r > 2. Introduce coordinates (u,v,x,y) on 
R 2r+2 where we have u = (ui,...,u r ) and v = (vi, v r ). Let ip e C°°(R). Let 
M 3 , r ,i> ■= (R 2r+2 ,.g3,r,^) where 

53, r,</> {9x,d y ) = l, g 3 , r ,ij, {d Ui , d Vj ) = 6 tj , and 

93, r,^(d x , d x ) = ~2u x v 2 - ... - 2u r _ x v r - 2ip(u r ) . 

These manifolds are closely related to examples of Fiedler et al jS] . 

Let R 2r+2 = SpsD.{Ux,...,U r ,Vi,...,V r ,X,Y}. Let U 3 , T := (R 2r+2 , g 3<r , A 3>r ) for 

g 3 , r (X,Y) = l, g 3 AUi,V j ) = S i j, A 3tr {X,U r ,U r ,X) = 1, and 

A 3 , r (X,Ui,V i+ i,X) = l for \<i<r-l. 

The metric g 3 . r .^ and the inner product g 3 , r have signature (r + l,r + 1). We also 
define a 1-model space U\ r :— (R 2r+2 , g 3ir , A 3 ^ r , A\ ) where 

A\ r {X,U r ,U r ,X-U r ) = l. 

Theorem 1.5. Let r > 2. Assume that ip" > 0. Then: 
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(1) All geodesies in M.z >r ij> extend for infinite time. 

(2) expp : TpR 2, '+ 2 -> M 2r+2 is a diffeomorphism for all P in R 2r + 2 . 

(3) The non-zero components of i?3,r,j/> an d °f ^ R'i^,^ are given by: 

(a) R3,r,4,{d x ,d Ur ,d Ur ,d x ) = ij)"{u r ), 

(b) Rs, r ,i>(d x ,d Ui ,d Vi+l ,d x ) = 1 /or 1 < « < r - 1, 

(c) VR3, r ^{d x ,d Ur ,d Ur ,d x ;d Ur ) =ip'"(u r ). 

(4) is an irreducible 0-model for M.^^. 

(5) If ip(u r ) = u 2 ; i/ien A^3 iT -,^ *s on irreducible symmetric space. 

(6) //V"' > 0, then: 

(a) Wg r is a 1 -model for Ai^^^, 

(b) .M3,r,i/> *s noi 2-curvature homogeneous. 

Theorem II .3! (6) (resp. Theorem ^31 (6)) requires that p > 3 (resp. s > 3). This 
result is sharp; for suitably chosen / (resp. F), Mi, 2,/ (resp. ^2,2,?) is curvature 
1-homogeneous but not curvature 2-homogeneous; we omit details in the interests 
of brevity. 

1.4. Osserman manifolds. If a; is a tangent vector at a point P G M, then the 
Jacobi operator Jm{x) is characterized by the identity 

gAi(JAi{x)y,z) = R M (y,x,x,z) . 

If pm is the associated Ricci tensor, then pm(x,x) = Tt(Jm(x)). One says that 
M. is spacelike (resp. timelike) Osserman if the eigenvalues of the Jacobi operator 
are constant on the pseudo-sphere bundle S + (A4) of spacelike (resp. S~(A4) of 
timelike) unit vectors. One says that M is spacelike (resp. timelike) Jordan Osser- 
man if the Jordan normal form of the Jacobi operator is constant on S + (A4) (resp. 
S~(A4)). We shall say that M. is Osserman nilpotent of order n if Jm(s) 11 = 
for every x G TM and if there exists a point Pq G M and a tangent vector 
xq G Tp M so that Jm^o)™ 1 7^ 0. Such manifolds are necessarily Osserman 
since is the only eigenvalue of Jm ■ And consequently such manifolds are Ricci flat 
since p(x, x) — Tr(J(x)). We refer to jSHHj for further details concerning Osserman 
manifolds. 

Theorem 1.6. 

(1) Let p > 2. If Hf > 0, then M-x^j is spacelike and timelike Jordan Osser- 
man. 

(2) Let s > 2. Then A^2,s.f is spacelike Jordan Osserman. However M.2,s,f is 
not timelike Jordan Osserman. 

(3) Let r > 2. If ' ip" > 0, then M.3^ r ,ij> is Ir-Osserman nilpotent. 

The three families Mi,k first arose in the study of Osserman manifolds. We refer 
to for other examples of non-homogeneous Osserman manifolds. 

1.5. Ivanov-Petrova manifolds. Let {ei,e2} be an oriented orthonormal basis 
for an oriented spacelikc (resp. timclike) 2-plane 7r. The skew- symmetric curvature 
operator IZm (tt) is characterized by the identity 

5Af(7?-Af(7r)y, z) = R M (ei,e 2 , y, z) . 

This operator is independent of the particular oriented orthonormal basis chosen 
for 7r. One says that M. is spacelike (resp. timelike) Jordan Ivanov-Petrova if the 
Jordan normal form of TZm is constant on the Grassmannian of oriented spacelike 
(resp. timelike) 2-planes; one lets the Rank be the common value of rank^M^)) 
in this setting. 

Theorem 1.7. 

(1) Let p > 2. If Hf > 0, then Mi, p j is spacelike and timelike Jordan Ivanov- 
Petrova of rank 2 . 
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(2) Let s > 2. Then M.2 S ,F * s spacelike Jordan Ivanov-Petrova of rank 4; 
-M-2,s,F is not timelike Jordan Ivanov-Petrova. 

I. 6. The geodesic involution. The following observation is a special case which 
follows from work of E. Cartan; we present it for the sake of completeness in light 
of the examples given above. 

Theorem 1.8. Let M. be a pseudo-Riemannian manifold of signature (j>,q). Sup- 
pose that VRm = and that exp P : TpM —> M is a diffeomorphism for every 
P G M. Then the geodesic symmetry Sp : Q — » exp P {— expp 1 Q} is an isometry. 
Furthermore, M. is a homogeneous space. 

Here is a brief guide to this paper. In Section [2] we prove Assertions (l)-(3) of 
Theorems II .311 .51 In Section [21 we show Ui^ is a 0-model for Ai^k and in Section 
0] we show these models are irreducible. This establishes Assertion (4) of Theorems 

II. 311.51 Assertion (5) of these three Theorems then follows as a scholium to the 
previous assertions. In Section 03 we establish Assertion (6) of Theorems 11.311.51 
We refer to JU] for the proof of Assertion (1) of Theorems 1 1 . 61 and 11.71 and to [121113) 
for the proof of Assertion (2) of Theorems 11.61 and 1 1 . 71 Assertion (3) of Theorem 
11.61 is proved in Section 0] In Section El we complete our discussion by proving 
Theorem Ol 

It is a pleasant task to thank Professors E. Garcia-Ri'o, O. Kowalski, and L. 
Vanhecke for useful conversations on this subject. 

2. Complete manifolds 

We shall need the following technical fact. 

Lemma 2.1. Let [zi,..., z n ) be coordinates on R n . Let g be a pseudo-Riemannian 
metric onW 1 so that ^d*d§ = J2 a b<c T ab c (zi, z c ^i)d*. Then: 

(1) (M. n ,g) is a complete pseudo-Riemannian manifold. 

(2) expp : T P M. n -> R n is a diffeomorphism for all P m M". 

Proof. Let j(t) = (zi(t), z n (t)) be a curve in M. n ; 7 is a geodesic if and only 
zi(t) = 0, and for c > 1 

Zc(t) + J2a,b<c Za(t)Zb(t)r ab C (Zl, Z c -l){t) = . 

We solve this system of equations recursively. Let 7(^5 z °, z 1 ) be defined by 
Zi(t) = z® + z\t, and for c > 1 

z c (t) = z° c + z\t - f Q f* Y, a ,b<c ia{r)z b {r)T ab c (z 1 , z^^drds . 

Then 7(0; z °, z 1 )(0) = z° while 7(0; z °, z 1 )(0) = z 1 . Thus every geodesic arises 
in this way so all geodesies extend for infinite time. Furthermore, given P,Q€ M. n , 
there is a unique geodesic 7 = 7pq so that 7(0) = P and 7(1) = Q where 

z° = Pi, z\=Qi-Pi, and for Ol 

4 = Pc z\ =Q C -P C + J Q J^J2 a ,b<c i a( r ) i b(r)T ab c {zi,...,z c -i)(r)drds. 
This shows that exp P is a diffeomorphism from TpR" to M™. □ 
Proof of Theorem M.cA (1-3). Adopt the notation of Section ITTTI Let 

fftf («) = 9h P j(9f,dJ) := d*f ■ 8ff, and T ljk (x) := %{8£g jk + d*g lk - d^ gij } . 
The non-zero Christoffel symbols are 



eqn-2 . a 



(2.a) 



3i, P ,/(V af df, d%) = T ijk (x) and Y r , <V = Ei< fc < P r ijk{x)dl . 
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We verify that the hypothesis of Lemma ini is satisfied and thereby prove Assertions 
(1) and (2) by setting: 

Z\ Xi, Zp Xp, Ul ) •••) ^2p Up ■ 

Furthermore, by Equation 12.a|l . 

Ri, pJ (df, .K.,):. df) = -Ud*d x k 9il + %&?g ih - djdfgu - dfd^) 

while Ri, p j(-, ■, ■, ■) = if any of the entries is df. Assertion (3a) now follows. 
Furthermore, by Equation 1)2. aj l. 

VRi <P , f (df, dl d* k ,d?; dl) = <%R llPj (df, df, d%, df) 

while Vi?i !P j(-, •, •, •; •) = if any of the entries is df. This proves Assertion (3b) 
of Theorem O □ 

Proof of Theorem \1.4\ (l)-(3). Adopt the notation of Section IT21 Let i ^ j and let 
.9 = 92,s,f- The non-zero Christoffel symbols of the second kind are given by: 

g (V dr df,df) = -dff l -t l , 

g{V d ^df, df) = dp, + tj, g(V d ^df,df) = g{V d udf, df) = -dp, - t j: 

g(v d? df, df) = Ui , g(v d? df, df) = 9 (v at df, df) = - Ui , 

g{v 9T df, d)) = Uj , g(y dT d),df) = g(v dtj df, df) = - Uj . 

We may then raise indices to see the non-zero covariant derivatives are given by: 

v 9t df = -(dffi + u)df + E k ^i< k <s(dffk + tkW - Ei<k< s ukSi, 
v d «dj = -(dp, + t,)df - (dffi + ti)d], 

Vflffl* = Vatdf = ~u t df, and V 9? 0»j = V d] df = -u 3 df . 

We derive Assertions (1) and (2) from Lemma \'Z. II by setting: 

zi = ui, z s = u s , z s+ i = ti, z 2s = t p , z 2s +i = v%, z 3s = v s . 

We have Vdf = 0. Thus if at least one z M £ {df}, then i?2, s,f{z\, Z2,z$, Za) = 0. 
Similarly, if at least two of the z^ belong to then R2,s,f(zi, z 2 , 23, 24) = 0. 

Finally, as dfdfF = for i ^ j, R2, s ,F(df, df, df:,*) = if the indices {i,j, k} are 
distinct. Furthermore 

Ve-Va-a? = ffdf -dt + {\u\ 2 }df and VafVa r df = -f"df . 

Assertions (3a) and (3b) now follow. 

We have similarly that VR2, s ,f(£,i,£,2,^3,^4',^5) — if at least one of the & 
belongs to SpanjTi, Vi}. Furthermore, the only non-zero component of Vi?2, s ,f is 
given by: 

VR 2 , s ,F(df,d;,dJ,df;df) 

= dfR 2tS , F (df, df, df, df) - 2R 2tS<F (v dr df, df, df, df) 

- 2R 2: sAdf,V d? df,df,df) 

= fl" + 2u t + 2R 2 ^ F (Ei< k <s u k d{,df, df, df) + = ff" + Au t . 
Assertion (3c) now follows. □ 

Proof of Theorem, m\ (l)-(S). Adopt the notation of SectionOl Let 1 < i < r- 1 
and let g — 53, ,.,</>• We compute that the non-zero Christoffel symbols of the second 
kind are 

g(Sa x d x ,d Ur ) = 4>'{u r ), giy dx d UT ,d x ) = g(V dur d x ,d x ) = -ifj'(u r ), 
g(yd m d x , d u f) = v i+ i, g{Vd x d Uz ,d x ) — g(yo Ui d x , d x ) = -v i+ i, 
g(Vd*d x ,d Vi+1 ) =m, g(Vd x d Vi+1 ,d x ) = g{V 9v . +i d x ,d x ) = -u. t . 
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Consequently the non-zero Christoffel symbols of the first kind are 

Vo x 9 x = uid U2 + ... + u r -id Ur + v 2 d Vl + ... + v r d Vr _ 1 + ip'(u r )d Vr , 

(2.b) V^A, = V dzH d x = -v i+1 d y , and V d:c d Vl+1 = V dvt+1 d x = -Uid y . 

To apply Lemma l2.1 I we set 

z = x, Zi=m, z r = u r , z r+ i=v r , z 2r =Vi, z 2r +i = y ■ 

Assertions (1) and (2) follow. We have 

V 9 „ r V 9x d x = ^"d Vr , V 0x V 9 „ r d x = 0, 
V 9 U; v Ox d x = d Uz+1 , Va x Vg„. d x = 0, 
V a „ . + 1 V 3x & = a* , Va. V a „ * + 1 <9 X = . 

Assertions (3a) and (3b) follow. Assertion (3c) follows from these calculations and 
from Equation Q2.b[l . □ 

3. Model Spaces 

Throughout this section, we shall only list (possibly) non-zero entries of g, R g , 
and of VR g up to the usual Z 2 symmetries. We show U is a 0-model for M by 
exhibiting a basis for TpM with the required normalizations for any P £ M. 

3.1. A 0-model for M.i :P j- Choose a basis {Xi, X p } for Span{<9f, 9^ } in 
T F M so that H f (X h Xj) = Expand X t = V,. , p &i<9J and let be the 
inverse matrix. Set Yi := Y^i<j< P Then 

9i,p,f{Xi,Xj) = cy, g ltP j(X t ,Yj) = Sij, and 
Ri,p,f\Xi,Xj,XkiXi) = SuSjk — SikSji, 

where cy = Cjj. Set X = Xi — ~ J2i<j< P c *i^j' an d ^ := li. We may then conclude 
Ui :P is a 0-model for Mi, P j since 

9i, P j(Xi, Xj) = 0, g ltP j(Xi,Yj) = S^, and 

Ri, P j'{Xi,Xj,Xk 7 Xi) = SuSjk — <5jfc5j-; ■ 

3.2. A 0-model for M 2 . s .f- Fix P e M 3s . Define a new basis for TpM by setting: 

(3.a) Ui := a," + £id\ + Qi d?, Ti := d\ + e^, and ^ := d? 

where the constants Si and Qi will be specified below. Let i j . Then: 

92,sAUi,Ti) = Ei - Ei = 0, 32, s ,F(C/ i ,i7 i )= 52)S , F (^,a] 1 )-£? + 2 ft , 
92,s,F{Ti,Ti) = -1, g2, s ,F(Ui, Vi) = 1, R2,s,F{Ui,Uj, Uj,Ti) = 1, and 

R2,sA U ii U h Uj,Ui) = {dfffi + (djff, + \u\ 2 + 2£i + 2Ej . 

We set 

:= -|(ar) 2 /« " |M 2 and ft := \{e\ - g 2 , s>F (d? , 9")} • 
As g 2 , s ,F(U l , Ui) = R 2 , s ,F(Ui, Uj, Uj,Ui) = 0, U 2 . s is a 0-model for M 2 . s ,f- 

3.3. A 0-model for Let be real parameters to be specified below. Define 
a new basis {X, Y, U\, U r , Vi, V r } for Tp]R 2r + 2 by setting: 

X = E {d x - \g3,r,i){d x ,d x )d v }, Y = e 1 d y , U l = e;d u< , V l = e~ 1 d Vz . 

The non-zero entries in 33^,1/) are given by g3 jr ^(X, Y) = 1 and g3,r,^(Ui,Vi) = 1. 
We apply Theorem ll.5l (3) to see the non-zero entries in R3^,ip and VP3 ir ^ are 

Rs,r,-4>{X, U r , U r , X) — E%E^"{u r ), 

R3,r,4,(X, Ui, V l+1 ,X) = Eo £ i E i+l for 1 < « < r - 

VP 3 ,r^(A, U r , U r , X ■ U r ) = ff^^'"K) • 
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Assume -0" > 0. We can show that U^ r is a 0-model for by setting: 

e r = (7/>")~ 1//2 , £o = 1, and e.- L = e r for 1 < i < r. 

If in addition we suppose that ip'" ^ 0, then more is true. We show U\ r is a 1-model 
for M.z, r ,ii> by setting: 

e r = ^"«')" 1 ! e = (e 2 r ^")- 1/2 , and Ei = £q 2 e»+i for l<t<r. 



sect-4 



lem-4 . 1 



eqn-4 . a 



lem-4 . 2 



4. Irreducibility 

4.1. The model Aii, p j. We adopt the notation of Section fOl Let £?i iP be the 
algebraic curvature tensor on M. p = Span{Ai, X p } defined by 

Bi,p(Xi,Xj,Xk,Xi) — SuSjk — SikSji . 

Lemma 4.1. 

(1) eP. I/5i,p(£i, £2,771,772) = V 771,772 6 1", then& = Ki. 

(2) (R p , is irreducible. 

Proof. Let 50 be the usual Euclidean inner product; g$(Xi, Xj) := <5y . Then: 
Si, p (771, 772, 773, 774) = 30(771, 774)30 (772, 773) - 30(771, 773)30(772, 774) • 

Let O(p) be the usual Euclidean orthogonal group. If E 0(p), then 8*Bi, p — B\ p . 
By applying a suitable element of 6 0(p) and rescaling if necessary, we may 
assume without loss of generality £1 = X\ in proving Assertion (1). We expand 
6 = J2i<i< P a i x i- For » > 1, Oi = -R(£i,6, Ai, Ai) = 0. Assertion (1) follows. 

Suppose that we have a non-trivial decomposition M p = W\ © W2 which induces 
a decomposition _Bi iP = B\ 1 
by Assertion (1), £1 = A^; this is false. 



Bf p . Let O^^ e Wt. Then Bi, p (£i, 6, •, = so, 

□ 



Proof of Theorem \1.3\ (A). We showed in Section ETD that Wi iP is a 0-model for 
M.\ yP j. Thus we must only show that U\, p is irreducible. Let 

A := Span{Yi,.. ., Y p } = {77 eR 2p : 6,7?) = V 

Let 7T be the natural projection from R 2p to R p = Span{Ai, A p } = M 2 p/A. We 
then have that ^4i, p = 7r* B\ p . Suppose there is a non-trivial decomposition: 

* 2p = V l ®V 2 , 3i,p = 3i, P © 9l, P , and Ai, p = ,4| p © A\ <p . 



(4.a) 



We argue for a contradiction. Since V\ J_ V2 , the metrics g\ p are non-trivial on 
Vi. In particular, the subspaces Vj are not totally isotropic. Equation l|4.a|) induces 
a corresponding decomposition 

R p = Vi/{Kn V 1 }®V 2 /{KnV 2 } and B^ p = B\ p @B 2 p . 

By Assertion (1), this decomposition of W is trivial; we assume that the notation 
is chosen so V2/{A n V2} = {0} and hence V2 C K so V2 is totally isotropic. This 
is a contradiction. □ 

4.2. The model A4 2 , s .f- We adopt the notation of Section [1.21 We define an 
algebraic curvature tensor B 2 ,s on R 2s := Span{J7i, U s , T\, T s } by setting: 

B2, s (Ui, Uj, U k ,Ti) = SaSjk - S^Sji . 

Lemma 4.2. 

(1) wo/6,6eK 2s . if B 2 , s {ti,b,rium) = andB 2 , s (Zum,m,&) = 

/or a/Z 771,772 £ M 2s , t/ien £1,^2 £ Span{Ti, ...,T S }. 

(2) (IR 28 ,^) is irreducible. 
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eqn-4.b (4.b) 



eqn-4 . c 



Proof. We extend 9 G 0(s) to act diagonally on R 2s = K s © W\ we then have 
6*B 2:S = B 2jS . Suppose that £1 ^ SpanjTi, T s }. By applying a suitably cho- 
sen element £ G O(s) and rescaling if necessary, we may assume without loss of 
generality 



£1 
6 



ciUt 



+ b s T s and 



d x T s 



for suitably chosen constants {&i, b s , ci, c s , di, Let i > 1. We have 
= -B 2 ,.(£i ) 6,E/i,Ti)=Cj and = B 2 , B (£i, U u T h &) = a . 

This shows that c\ = and Cj = so £ 2 = al\P\ + ... + d s T s . Furthermore, 

= B 2 , s (&,6.Ui,LTi) = * and = fl 2 , s (£i, ?/»,&) = di • 

This implies £2 = which is a contradiction. Thus £1 G Span{Ti, T s }. As 
the roles of £1 and £2 are symmetric, we conclude £2 £ Span{Ti, ...,T S } as well; 
Assertion (1) follows. 

Suppose given a non-trivial decomposition K 2s = W\ ffi W 2 which induces a 
decomposition B 2yS = B 2 s © B 2s . Choose / £ Wi. By Assertion (2), £i,£ 2 
belong to Span{T 4 }. Thus Wx C SpanjTj and W 2 C Span{T l }. Thus JR 2s is 
contained in Span{Ti} which is false. □ 

Proof of Theorem \1.4\ (4)- We showed in Section 18.21 that U 2jS is a 0-model for 
M-2 s f- Thus it suffices to show that U 2 s is irreducible. Let 



L := Span{^,...,y s } = {ry G R js : 6, £3, v) = V & G M' js } 

Let 7r be the natural projection from R 3s to 

R 2s := Span{J7i, U p , Ti, ...,T p } = R 3s /L . 
We have A 2tS = -k*B 2 s . Suppose we have a non-trvial decomposition 



p3s 



Vx®V 2 , 52,. 



92,. 



» 9 2 , 



and 



An 



We argue for a contradiction. We argue as above to see Vx and V 2 are not totally 
isotropic. Equation l|4.b(l induces a corresponding decomposition 



»2* 



\4/{inyi}©y 2 /{iny 2 } and s 2 



Bi 



By Lemma 14. 21 this decomposition must be trivial. We assume the notation chosen 
so that V 2 C L. Thus V 2 is totally isotropic. This is a contradiction. □ 

4.3. The model Us. r . Adopt the notation of Section Tl.31 Let 1 < i < r. The 

non-zero entries in the curvature operator are, up to the usual 1 2 symmetries, 



(4.c) 



A 3tr (X, U r )U r = Y, A 3 , r {X, U r )X = -V r , 

A 3tr (X, Ui)V i+1 = Y, A 3 , r (X, Ui)X = -U i+1 , 
A 3tT (X, V i+ i)Ui = Y, A 3 , r (X, V i+1 )X = -V t . 



If £ G M 2r+2 , then: 

J{£)X G Span{[/ 2 , U r , Vx, V r , Y}, 

J(Z)U r G Span{Vv, Y], J(£)17< G Span{[/ 4+1 , Y}, 

J(m G Spanl^i, Y}, J(OY = J&Vx = . 

Proof of Theorem\n\ (3). Display gxj) shows J(£) 2r = 0. As J(X) 2r - 1 J7i 
U 3r is 2r-Osserman nilpotent; Theorem ll.61 (3) follows. 



Vx, 

□ 
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Proof of Theorem \1.5\ (A). We showed in Section 13.31 that U^,r is a 0-model for 
-^3,r,v- Thus it suffices to show Us tr is irreducible. We suppose the contrary 
and argue for a contradiction. Suppose there is a non-trivial decomposition 

(4.d) M. 2r+2 ^W 1 ®W 2 , u,„, <i,„ : ut - and A 3 , r = A\ r © A\ r . 

As above, neither W\ nor W2 can be totally isotropic. Decompose X = X\ + X%. 
Then either J(Xi) or J{X%) is nilpotent of order 2r; we may assume without loss 
of generality that the notation is chosen so that J(Xi) is nilpotent of order 2r. 
Since J(Xi)Xi = 0, this implies dim(Wi) > 2r + 1. Since the decomposition is 
assumed non-trivial, this implies dim(T / l / 2) = 1. Let £ span W 2 ] £ can not be a null 
vector since W% is not totally isotropic. On the other hand since dim(W2) = 1, 
^4.3,i- V2)£, — for T)i £ W 2 - The decomposition of Equation 14. d|) then shows 
Aa ir (r)i, 772 )£ — for all 771,772 £ R 2r+2 . This implies £ £ Span{V~i,Y~} which is a 
totally isotropic subspace; this is a contradiction. □ 

5. Homogeneity 

5.1. The manifolds Mi >p j. If is a symmetric bilinear form on V, then we may 
define an algebraic curvature tensor i?(0) on V by setting: 

(5.a) #(0X6,6,6, := ^(6,6)0(6,6) -^(6,6)^(6,6). 

One then has, see for example the discussion in 0], 

Lemma 5.1. Let 0i and 02 fee symmetric positive definite bilinear forms on a 
vector space V of dimension at least 3. If R(4>i) = R{4>2), then 0i =02. 

Proof of Theorem\U>\ (6). Adopt the notation of Section O Fix P £ R 2p and let 
V P := T p R 2 p. We consider a 1-model 

Vp := (Vp,gi lPt f\vp,Ri,p,f\v P ,VRi,p,f\vp)- 

Also consider the subspace 

Y P := {77 e V P : J?i >p>/ (6,6,6,»?) =0 V 6 G V>} = SpanK,...,^}. 

Let 7r be the natural projection from Vp to Xp := Vp/Yp. As 

Zf(6,6) = o, #1,^/(6,6,6,6) = o, and v J Ri, p ,/(6,6,6,6;6) = o 

if any 6 G Yp, there are structures Hx,p, Ax.p, and A XP on Ap which are 
characterized by the identities: 

n*Hx,p — Hf\v P , n*Ax,p=Ri,p,f\v P , and ir*A XP = VRi lP j\v P ■ 

Assume -Mi, P j is 1-curvature homogeneous. Let P,Q £ M. 2p . Let O be an isomor- 
phism from Vp to Vq. It is immediate from the defining relation that O(Yp) C Yq; 
a dimension count then implies O(Yp) = Yq. Consequently induces a map 
: X P -> A Q so 

0*A x ,q = A XjP and BM^.q = ^x,p ■ 

We adopt the notation of Equation (|5.a() and let R((f>) be the curvature tensor 
defined by a bilinear form 0. Since 

R(Hx^p) = A x ,p = e*(A x , Q ) = R(@*H X , Q ), 

Lemma 15.11 implies that Hx,p = Q*Hx,q- Let |n denote the norm taken with 
respect to a positive definite bilinear form 0. We then have 

MP) = UxAh x , p = Ux,q\\h x , q = «i(Q) . 
Consequently ot\ is constant. □ 
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5.2. The manifolds s> p. We begin by studying the Lie group associated to 
the model U.2 lS - We say that B = {u\ 7 ...,u s ,t±, ...,t s ,Vi, v s } is a normalized basis 
for R 3s if the normalizations of Equation (|l.a|l hold, i.e. 

g2, s {ui,Vj) = Sij, g2,s(U,tj) = and 
A2, s (ui,Uj,Uk,ti) = dadjk - 5 ik 5ji . 

Let O(s) C M S (R) be the usual orthogonal group of s x s matrices; «y 6 O(s) if 
and only if ^) fc n ik K ]k = 

Lemma 5.2. Let B and B be two normalized bases for R 3s . If s > 3, tten there 
exists a matrix K\ G O(s) and matrices K2, K3, k§ G M s (R) so i/ioi: 

Proof. We note that 

F: = {ryeR 3s :^ s (Ci,C2,C 3 ,^) =0forallCi,C2,C3 £K 3 } 

= Spanjui, w s } = Span{Ci, and 

Y ± : = {n G R 3s : <?2, s (*7, = for all C G F} 

= Span{ii, ...,««} = Span{ii, ... ,t s ,vi, ...,v s } , 

Consequently we may express 

= V], !'■':. v".. + '"J. <..'.; + v'',- !• 
*» = Ej{ K 4,y^ + «5,yUj}, and u,; = ^ «6,ij«j • 
We verify that K4 G O(s) by checking 

— % = 92,s{tiitj) — K 4,ikK4jig2,s{ti,tj) — ~ X]fc K 4,ife^4jfe ■ 

The orthogonal group acts diagonally on R 3s by 

ft ' * ^Jj Kijiij, Kj '. ti ► ^ij^ji and ft : t>i ► K^jUj . 

This action preserves the structures involved. By making a suitable change of basis, 
therefore, we may suppose without loss of generality that K4 = id in the proof of 
the Lemma, i.e. that we have: 

&i = Hj{ K l,ij u 3 + K %ijtj + K 3,ijVj}, 

U = U + £\ K 5 ,i 3 Vj, and Vi = J2j K 6,i] v j ■ 
To show K\ = id, fix i ^ j. Since s > 3, we can choose 

^ u e Span fe ^ {u fe } n Span fe#j;1 <^< s {iife, t t , vi) . 
Expand u = J2k^j £ kUk- As tj = tj + J2k K 5,jkVk, we may compute 

This shows Kx,ik = for i ^ k so k\ is diagonal. Since 

and similarly 1 = KijjKijiKiji, we have Ki t u = 1 as desired. The identity g 2 s(ui,Vj) — 
Sij then shows kq = id in this special situation. □ 

Fix P G R 3s and let V P := T P R 3s . Consider a 1-model 

:= {Vp,g2,s,F\v P ,R2,s,F\vp, VR2,s,f\v p ) ■ 
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Also consider the sub-spaces 

Y P := { V G V P : 6, = V £ e V P } = Spaa{0?, ...,fl?}, and 

={,el 3s : 5 2, a ,F(»7,6) = 0Vf x GFp} = Spaii{ai,...,a*,a?,...,^}. 

Let 7r be the natural projection from Vp to Xp := Vp/Yp. There is a natural co- 
variant derivative algebraic curvature tensor A\ P on Xp so A\ P = VPi2, s .f|v p i 



A^ P (C/ 4 , (7„ f/j, Ui) := (df) 3 /* + 4u, . 

The elements {[/, := 7r<9"} are a basis for Xp. Define a non-degenerate bilinear 
form Lp on Xp by requiring that 



L P (Ui,Uj) = &. 



i j 



If 9 is an isomorphism from Vp to Vq, then clearly 0(Yp) = Yq. Consequently 
0(Yp ) = Yq- so O induces a map from Xp to Xq. 

To construct the normalized basis of Equation i|3.a|) we set: 

Ui = <9, u + Span^aj, d]}, T t = d\ + Span^SJ}, and V; = d? . 

We apply Lemma 15.21 to expand 

QUi = v Kl>ij Ui + span,!/;,. ^} 

where k% G O(s). Since {/, = 7rJ7i, 0E/j = ■ Ki^jUj. The following Lemma is now 
immediate: 

Lemma 5.3. If is an isomorphism from Vp to Vq, t/ien Q*Lq = Lp. 

Proof of Theorem \1.4\ (6). Assume M.2.S.F is 1-curvature homogeneous. Let P and 
Q be points of M. 3s . Let be an isomorphism from Vp to Vq. Since 02 = \A^ p| 2 p , 
Lemma 15.31 implies a2 must be constant. □ 

5.3. The manifolds M.^^^- Adopt the notation of Section 11.41 Assume that 
ip" > and that V'" > 0. Set 

K P := {£ G R 2r + 2 : 3& G TpR 2r+2 so V 2 P 3 ,r,^l, 6, €3, 7^ 0} . 

Proof 0/ Theorem UIM (6)- Assume that ?/>" > and ip'" > for all points of M. 
The possibly non-zero entries in V 2 i?3 jri ^, are given by: 

V 2 R 3 , r ^(d x ,d Ur ,d Ur ,d x ;d x ,d x ) = u r -i^'"(u r ), 
V 2 i? 3 ,r,^(5 x , d Ur ,d Ur ,d x ;d Ur ,d Ur ) = ip""(u r ) . 

We expand f = £ d* + £1^ + - + £rfl? + f r+1 SJ! + ... + £ 2 r^' + ^r+i^- Then 



p2r+2 



X P = 



{£ G M 2r + 2 
{£ G M 2r + 2 



Co + C 2 ^ 0} if ip"" =f and u r -i ^ 0, 
£ r 7^ 0} if ip"" + and u r -i = 0, 

Co 7^ 0} if ip"" = and w r -i 7^ 0, 



{0} if V"" = and w r _i = 0. 



Suppose that is curvature 2-homogeneous. Then Kp is diffeomorphic 

to Kq for any two points P and Q of K 3s . Let P = (0, 1, u r , 0, 0) and 
Q = (0, ...,0, u r ,0, ...,0). Suppose ip""(u r ) ^ 0. Then Xp is connected and Kq is 
not connected; this is a contradiction. Suppose ip""(u r ) = 0. Then Kp is non-empty 
and Kq is empty; again, this is a contradiction. □ 
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6. Symmetric Spaces 

Proof of Theorem \1.8l We extend an argument of E. Cartan's from the Riemannian 
to the pseudo- Riemannian setting. Let {e^} be a parallel frame field along a geodesic 
(7. Then 

d t Rijki(t) = VR(ei,ej,e k ,ei;&) = 0. 
Thus R(ei,&)& = Cijej for suitably chosen constants Cy. Let Y(t) be a Jacobi 
vector field. Express Y(t) = ai(t)ei(t). Then: 

= Y{t) + R(Y, &)a = {%(*) + £\ a r {t) Cl] }e 3 {t) so 

= dj(t) + a,i{t)cij for 1 < j < m. 

Since — Oj(£; —t) still satisfies the Jacobi equation with the same initial condition, 
a j(&t) = ~t) so aj is an odd function of t. Let :— g(e^ej) be independent 

oft. Then 

= fl«oi(f;*)oj(»?;*) = fl(n(-*),^(-*)) 

is an even function of i. Since the geodesic involution takes 3^(£) to — t), this 
shows the geodesic involution is an isometry and establishes the first assertion. 

Let P, Q G M. We suppose P ^ Q. Since exp P is a diffeomorphism from TpAf 
to M, we can choose a geodesic er so ct(0) = P and cr(l) = Q. Let i? = cr(i). Then 
the geodesic involution centered at R interchanges P and Q and is an isometry. 
Thus M is a homogeneous space. □ 
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